Abstract-Optical fiber microwires (OFMs) are nonlinear optical waveguides that support several spatial modes. The multimodal generalized nonlinear Schrödinger equation (MM-GNLSE) is deduced taking into account the linear and nonlinear modal coupling. A detailed theoretical description of four-wave mixing (FWM) considering the modal coupling is developed. Both, the intramode and the intermode phase-matching conditions is calculated for an optical microwire in a strong guiding regime. Finally, the FWM dynamics is studied and the amplitude evolution of the pump beams, the signal and the idler are analyzed.
achieved between different spatial modes. Recently, mode converters able to couple the optical signal for high order modes were reported [8] , [9] . In [10] , a tunable modal coupler able to convert the light for the to the or was proposed. Nevertheless, mode coupling technology is expected to improve significantly in a near future [11] . In [12] , the intermodal FWM in a PCF is experimentally studied, and the dependance of the FWM efficiency on the PCF geometrical parameters is analysed. In [13] , the generation of white light from a picosecond pump through the FWM process in secondary cores of a birefringence multimode PCF is reported. The theoretical description of FWM in single-mode fibers is commonly based on the generalized nonlinear Schrödinger equation (GNLSE) [14] [15] [16] [17] . In single-mode fibers the phase-matching condition is easily reached around the zero dispersion wavelength, and thus efficient FWM is obtained [18] , [19] . For the analytical treatment in the multimodal regime, several approximations have been proposed [20] [21] [22] [23] [24] . In [20] [21] [22] , the analysis is restricted to two birefringent modes. In [23] , [24] , only two spatially distinct modes are considered. In [25] , a theoretical equation for multimodal propagation, named multimodal generalized nonlinear Schrödinger equation (MM-GNLSE) is proposed. A multimodal description of ultrashort pulse propagation is presented in [26] and [27] , where the intermodal FWM leads to a significant power transfer to higher order modes, even neglecting linear modal coupling.
We extend the MM-GNLSE equation to take into account the linear modal coupling. From the extended MM-GNLSE a set of coupled equations for the multimodal FWM process is obtained. The phase-matching condition for the FWM process in the strong guiding regime is analyzed for the intermodal and intramodal processes. The gain/loss for the pumps, the signal and the idler is calculated and the complex dynamics from linear and nonlinear processes is analyzed. This paper is organized in four sections. In Section II, we extended the MM-GNLSE in order to model the signal propagation in OFMs. In Section III, we analyze the phase-matching condition in OFMs, and from the extended MM-GNLSE we obtain the coupled FWM equations. The evolution of the two pumps, the signal and the idler is also analyzed. Finally, in Section IV the main conclusions are presented.
II. THEORETICAL DESCRIPTION OF SIGNAL PROPAGATION IN OFMS
In silica microwires the strong guiding regime must be considered due to the high index contrast between core and cladding [28] , [29] . The strong guiding lifts the degeneracy of linearly polarized (LP) modes of the weak guiding regime, and a vectorial 0733-8724/$31.00 © 2012 IEEE model should be used [30] . This model assumes that the field can be described by [17] , [27] , [29] , (1a) and (1b) where represents the angular frequency, and are the spatial and temporal coordinates, respectively. The is the signal envelope, is the propagation constant, and are the transverse distribution of the electric and magnetic field for the spatial mode , respectively. The is a normalization coefficient for the mode defined as (2) where are the spatial coordinates in the transverse plane. These modes fulfill the normalization and orthogonality relation, where represents the Kronecker delta [26] . The generalized multimode NLSE is derived following the approach of Kolesik and Moloney [25] . The Maxwell's equations for the homogeneous dielectric medium and the fiber geometry can be written as (3a) (3b) where represents the nonlinear induced electric polarization, and represents the permittivity. The nonlinear polarization of the fused silica can be written as [17] (4) where and denote the 3rd order susceptibility, the vacuum permittivity and the fiber normalized nonlinear response function, respectively. Scalar multiplying (3a) and (3b) by the complex conjugate of the transverse distribution of the electric and magnetic field, and , we obtain [25] (5a) (5b)
The last terms of (5a) and (5b) are simplified using (3a) and (3b), for the complex conjugate modes, and . Subtracting (5a) and (5b), we obtain [25] (6) Integrating (6) over the and domain, and applying the orthogonality relation, leads to (7) where, (8a) and (8b) Equation (8a) and (8b) can be written as [31] , [32] (9)
The last term in (9) can be rewritten as (10) where, , represents the operator over the transverse coordinates, represents the relative permittivity and the refractive index. In (10) the first term can be converted from the surface integral to the line integral around the waveguide, Stokes' theorem, and the line integral vanishes for all guided and radiation modes, with . Applying the orthogonal relationship, (2) , to the second term it vanish, and the modal coupling coefficient, , can be expressed as [32] (
The accounts for the dielectric discontinuity in the microwire boundary. The propagation equation for the mode envelope can be obtained from (7) using the field description given in (1a) and (1b), (12) Equation (13) was derived by separating forward and backward propagating fields and neglecting any nonlinear interactions between them. We replace (4) in (12) and substitute by , where represents the propagation constant for the fundamental mode [14] . The propagation constant, , is expanded in a Taylor series to the th order about . Doing this, the linear and the nonlinear modal coupling emerges naturally, and an accurate description of the signal propagation in multimode fibers can be obtained, (13) where (14) with being the speed of light in vacuum, and the nonlinear refractive index. The parameters and are the th order dispersion coefficient for the fundamental mode and the mode, respectively. The term is the fractional contribution of the Raman response to the total nonlinearity, and is the delayed Raman response function [17] . The subindex and in A represents the envelope of the electric field for the modes considered. The and parameters represent the unidirectional linear coupling coefficient [32] and the unidirectional nonlinear mode coupling coefficient, at , respectively. Both and are defined as overlap integrals over the transverse distribution of the electric field, as shown in (15) and (16) at the bottom of the page, where represents the refractive index at , the subindex and in represents the transverse distribution of the electric field for the modes considered. The parameter and the shock time constant, , reflects the variation of and parameter with the frequency, (17) and (18) In (16), the evanescent field outside of the microwire can be neglected because the nonlinear refractive index, , of the air is much lower than in the silica.
In the next section, we use (13) to analyze the multimodal FWM process in optical microwires. The mode dependent propagation losses can be considered in (13) by allowing complex values for the propagation constants. The second term in (13) accounts for the linear modal coupling to other propagation modes. The third term is responsible for the nonlinearities. The parameter reflects the confinement in the OFM. In this way, the inverse of can be interpreted as an effective area, and the can be interpreted as a nonlinear coefficient in a multimode waveguide, for the and modes [26] .
III. FWM IN MICROWIRES
In order to describe the FWM process in OFMs, we assume that the input signal consists in four waves: two pump beams ( and ), one signal and an idler . In this process, two photons from the pumps are annihilated and two photons at the signal and idler frequencies are created, respecting the energy conservation, . We assume that the input waves are co-polarized, and due to the short microwire (15) and (16) length they remain co-polarized along the propagation. We also assume that the microwire length is much shorter than the walk-off length. Therefore, the continuous wave (CW) approximations can be introduced, and the field can be written as [15] , [17] ( 19) where and represent the pump amplitudes, the signal amplitude, the idler amplitude, and , and , where represents the central frequency. Replacing (19) in (13), and neglecting the delayed nonlinear response of the fiber, we obtain a set of coupled equations for the amplitudes evolution (20) , (21), (22) and (23) . These equations are quite general in the sense that they include the effects of the attenuation, the modal dispersion, the linear and the nonlinear modal coupling, the SPM, the XPM, and the pump depletion on the FWM process. (23) In (20), (21), (22) and (23) the dispersive term can be written as, (24) where represents the mode, or , the represent the optical losses for the mode. The and represent the th order dispersion coefficient for the fundamental mode and the mode, respectively. The dispersions coefficients can be calculated from the effective index . In order to calculate , the Helmholtz equation for the step-index fiber with a silica core and an air cladding can be solved [29] , [30] . The high index contrast between the core and the cladding allow to lift the degeneration of the LP modes, and leads to different transverse distributions, even between modes with the same family, i.e., the same and in the weak guiding regime. The evanescent field in the air cladding increases with the decreases of the microwire diameter, and the effective index decrease until it reaches the cutoff frequency. When the cutoff frequency is achieved, this mode becomes a nonguided mode or radiative mode and is leaks into the air. In Fig. 1 , the effective index as a function of the microwire diameter is displayed for a silica microwire surrounded by an air cladding for a wavelength of 1550 nm. In the right side of Fig. 1 the transverse mode distributions, , for a microwire with a diameter of 5.6 m is shown, the different symmetry classes can be easily identified. The transverse distributions for the LP modes change slightly as function of the diameter. As the linear and nonlinear modal coupling coefficients are strongly dependent of the transverse field distribution, through the overlap integral, see (15) and (16), the described mode structures have major implications for the characteristic coupling properties.
The linear modal coupling takes into account the linear interaction between the different modes at the same frequency. This transfer of energy between the and all other modes, where represents all considered modes, changes the energy available in each mode, and consequently the FWM process. In order to make a more realistic model the surface roughness of the microwire should be considered. We assume a small periodic perturbation in the microwire radius, (25) where represents the average microwire radius, represents the amplitude of the perturbation and the frequency of the perturbation. The periodic perturbation in the microwire radius and represent the wavelength, the radius and the core and cladding refractive indexes. We also show as function of the microwire diameter at the wavelength nm. The modal intensity, for a microwire with a diameter of 5.6 m surrounded by air is also presented, from which the mode symmetry can be inferred.
leads to a periodic perturbation of the effective refractive index, which can be written as [31] (26) where represents the effective index for and represents the amplitude of the index perturbation. A periodic perturbation of nm is reported in [33] . In this paper we assume a nm, which leads to an index perturbation of and , obtained through the numerical resolution of the Helmholtz equation. For small perturbations the coupling coefficients (15) can be rewritten as (27) where we assume that the transverse distribution of the electric field, for the guided modes considered, remains invariable despite the index perturbation, and the factor can be removed of the integration over and domain. In Fig. 2(a) we display the modal coupling coefficient normalized to index perturbation, (28) as a function of the microwire diameter for a wavelength of 1550 nm. The value of the normalized modal coupling tends to decrease near to the cutoff frequency, due to the increase of the evanescent field.
The nonlinear modal coupling should respect the symmetry rules. Thereby, the overlap integral defined in (16) has only non-zero values when [26] . The parameter reflects the efficiency of the intermodal nonlinear energy transfer, and it changes several orders of mag- nitude as function of the considered modes. In Fig. 2(b) , we display the parameter for several modes at nm. An increase of the with the decreases of the diameter is seen, due to the increase of the field confinement. Before the cutoff frequency the decreases due to the increase of the evanescent field. The third term in the right hand side of expressions (20), (21), (22) and (23) accounts for the nonlinear effects. This has three contributions: the SPM, the multimodal XPM and the multimodal FWM, respectively. In the multimodal XPM term represents the sum over all considered frequencies, where two different terms contribute for the process. However, the symmetry rules show that in the multimodal XPM, . In the same way, in the multimodal FWM process, . This leads to a factor 2 that appears before the sums in expressions (20) , (21), (22) and (23).
A. Phase-Matching
The efficiency of FWM process depends strongly on the phase-matching [6] , (29) where represents the real part, and represent the modes for the two pumps, the signal and the idler, respectively. In the strong guiding regime the waveguide dispersion dominates over the material dispersion, which makes it possible to reach the phase-matching condition with a proper choice of the microwire diameter.
The phase-matching was calculated for the eight modes considered in Fig. 1 , for microwire diameters ranging from 0.5 to 8 m. We analyze two different configurations: single mode pump and dual mode pump. In both configurations, we consider the pumps at 1550 nm, i.e., the degenerated FWM, the signal at 1545 nm and the idler at 1555 nm, respectively. In the single pump configurations the eight modes considered give rise to different combinations, only 6 out of these combinations reach the phase-matching condition. In the dual pump configuration the eight modes give rise to different combinations. Nerveless, only 32 combinations achieve the phase-matching condition. In both configurations the intermodal phase-matching condition occurs preferentially between the modes that form the LP degenerate modes. In the single pump configurations 5 out of the 6 combinations occur between the modes and . In the dual pump configuration 22 out of the 32 combinations found occur between the modes and that form the mode in the weak guiding regime. This can be explained by the lifting of the LP modes degeneration which gives rise to modes with nearly the same propagation constants. This can be seen in Fig. 1 .
In Fig. 3 , we analyze the phase-matching in the dual pump configuration as function of the microwire diameter with the pumps at 1545 nm and 1555 nm, the signal at 1540 nm and the idler at 1560 nm. In Fig. 3(a) , the intramodal phase-matching is displayed for the fundamental mode, and the phase matching condition is reached around 1.22 m. In Fig. 3(b) , the intermodal phase-matching is displayed for several sets of modes as a function of the microwire diameter. For high order modes the phase-matching condition can be reached more than one time for some set of modes. This happens for instance for the combination . Around , the intermodal phase-matching, see Fig. 3(b) , changes faster than in the intramodal regime, see Fig. 3(a) . Consequently, the bandwidth of the intramodal FWM tends to be larger than in the intermodal FWM process.
B. Multimodal FWM Dynamics
In order to better understand the multimodal FWM dynamics, (20) , (21), (22) and (23) are numerically solved for a silica microwire with a length of 50 mm, a nonlinear refractive index of [17] , and a diameter of 1.2 m with a small periodic perturbation, as described in (26), where nm and m . The analysis is performed around the central wavelength of 1550 nm. The third-order dispersion coefficients for the two pumps, the signal, and the idlers, are take into account. A dual pump configuration ( nm, nm) with a signal ( nm) and a idler ( nm) for the three low order modes ( and ) are considered. In order to solve (20) , (21), (22) and (23) we assumed that the two pumps are launched into the microwire with incident power of 5 W in the fundamental mode ( W) and 1 mW for the other modes considered ( mW). The powers of the signal and the idler are 1 mW in all modes considered ( mW). The fine tuning of the optic coupled power in each mode is still very Fig. 3 . Phase-matching in a dual pump configuration as a function of the microwire diameter. The order of the modes in the legend corresponds to the two pumps ( and ), the signal and the idler , respectively. In Fig. 3(a) the intramodal phase-matching for the fundamental mode is represented for nm, nm, nm and nm. In Fig. 3(b) the intermodal phase-matching is represented for the same wavelengths.
challenging with reward to technology, this is, nowadays a very dynamic research topic.
In Figs. 4(a) , (b), (c) and (d) is displayed the gain and the loss evolution for the two pumps, the signal and the idler, respectively. In Figs. 4(a) and (b) the two pumps show an energy transfer due to the modal coupling with two different beat lengths, mm and mm for the linear coupling between and , respectively. In Fig. 4(c) and (d) , we display the gain and the loss for the signal and the idler, respectively. For the fundamental mode the phase-matching condition is reached (Fig. 3(a) ) and the FWM process leads to a periodic energy transference from the fundamental mode of the two pumps, see Fig. 4(a) and (b) , to the fundamental mode of the signal and the idler, see Fig. 4 (c) and (d), with a beat length of mm. There is a secondary power oscillation due to the modal coupling present in the two pumps. Nevertheless, the parametric gain observed in the and the is smaller than the are observed in , note that m and m is small than the m . For the we only observe a small energy transfer due to the FWM process with a beating length of mm. On the other hand, the show two different beatings due to the linear and nonlinear modal coupling, i.e., the FWM process, with beat length of mm and mm, respectively. The transference of energy between the fundamental mode and the , through the linear modal coupling, is clearly observed.
IV. CONCLUSION
The multimodal generalized nonlinear Schrödinger equation (MM-GNLSE) was extended to take into account the linear modal coupling. The theoretical formalism developed can be used to better understand the role of the nonlinear effects in the signal propagation, considering the modal coupling in the multimode propagation. With regard to applications, it should be pointed out that a thorough theoretical understanding of linear and nonlinear modal coupling in multimode fibers is a necessary condition for the advanced of optical transmission systems based on spatial mode division over multimode fibers.
The MM-GNLSE was solved for an optical microwire that is a multimodal and highly nonlinear waveguide. We focused on the analysis of the multimode FWM process, and the coupled equations that describe the multimode FWM dynamics were derived and presented. This process was recently proposed to phase sensitive amplification. This amplification can, in principle, be extended to the multimode regime where the phasematching between the pumps and the signals, with different frequencies and mode distributions, should be considered.
The high-index contrast between the core and clad leads to a substantial change in the phase-matching as function of the microwire diameter. Thereby, we observed that the phase-matching condition can be reached more than once for different diameters, for some set of modes. The intramode and the intermode phase-matching conditions were analyzed, and we observed that the intermodal phase-matching condition occurs preferentially between the modes that form the LP degenerate modes. Moreover, we also observed that the intramodal FWM presents a larger bandwidth than the intermodal FWM process.
During propagation, the gain and the loss of the signal and the idler presents two different beats, the first characteristic of the modal coupling, and the second beat comes from the oscillatory power exchange due to FWM process. The modal coupling allows the energy transfer between different modes at the same frequency. On the other hand, the FWM process allows the energy transference between different wavelengths for different modes, i.e., the intermodal FWM, or the same mode propagation, i.e., the intramodal FWM.
